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Abstract
Neurons are cells that carry electrical impulses. The growth of axons in these cells has been of interest for some time. Experiments
have been performed to understand the tension dependent growth of axons but there are few models in the literature that can
explain the characteristics of axon growth. Here we propose a growth model that is based on diﬀusion limited polymerization of
microtubules in the axon. The tension in the axonal membrane determines the compressive force on the polymerizing microtubules
and this controls the rate of growth. We show that the growth process of an axon that is coupled to a device which can measure and
apply forces on it can be described by an ordinary diﬀerential equation. Solutions of this equation for various loading conditions
reproduces the data in many recent experiments.
c© 2014 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of Konstantin Volokh and Mahmood Jabareen.
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1. Introduction
Neurons are the cells that carry electrical impulses in most animals for sensory and motor responses. Their electri-
cal behavior has been studied for decades and is quite well understood9,7 but their mechanical behavior has attracted
less attention11. However, a series of recent experiments showed that the axons of neurons are under tension8,12,14.
Furthermore, axonal tension plays a role in the modulation of synaptic plasticity and neurotransmitter transport. Thus,
it is important to understand the mechanics of axons under the action of imposed forces and deformations. One aspect
of this is to measure the growth rate of axons as a function of applied forces as was done by Lamoureux et al.8 and
Nguyen et al.10. Surprisingly, there are few, if any, physically motivated models in the literature which can explain
the growth rate of axons as a function of applied force. The models of Van Veen and Van Pelt15 and Samuels et al.13
were conceived with the knowledge of microscopic cellular processes (polymerization, active transport) that cause
growth and have been used in the analysis of experiments16, but even these models have not been applied to explain
tension induced growth.
The model of Van Veen and Van Pelt15 was recently modiﬁed by Nguyen et al.10 to account for the eﬀect of
changing tension in the neuron’s cell membrane. They showed that this modiﬁcation can easily explain the tension
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induced growth data of Lamoureux et al.8 as well as their own experiments. Here we show that the model proposed
in Nguyen et al.10 can also explain many of the observations and data in Rajagopalan et al.12. While Nguyen et al.10
loaded the neurons by applying a pressure gradient in a microﬂuidic device Rajagopalan et al.12 used a mechanical
force measuring device to load the neurons. They were also able to watch the response of the neurons after they were
unloaded. The model proposed in Nguyen et al.10 was applied only to a situation when the neurons were loaded with
a constant force. The same model can explain most of the data collected by Rajagopalan et al.12 in both loading and
unloading.
2. Summary of growth models for neurons
The growth of neurons occurs by the polymerization of micro-tubules at the tip of the neurite. The transport of
tubulin monomers occurs by diﬀusion. Lipid vesicles and other components are also required for the growth of the
neurite. These are transported actively. A quantitative model incorporating the most important aspects of this process
was proposed by Van Veen and Van Pelt15 and is summarized below.
2.1. Van Veen and Van Pelt model
Van Veen and Van Pelt approximate the ﬂux J = −DdQdx of tubulin into a neurite of length L by
J = −DQr − Qt
L
, (1)
where Qr is the concentration at the root or soma, Qt is the concentration at the growing tip and D is a diﬀusion
coeﬃcient. If e is the length of a tubulin dimer then Van Veen and Van Pelt15 say that
1
eV
dL
dt
= konQt − ko f f , (2)
where V is a small volume near the tip of the neurite where the assembly takes place. Van Veen and Van Pelt15 also
account for the change in length of the microtubules due to applied forces. Many measurements have shown that the
microtubules are under compression and the membrane under tension in a growing neurite2. For example, Dennerll et
al.2 found that the neurite tension varies over a broad range from 0–10nN. Due to the force the length L could change
to kL where k > 1 if the mirotubule is under tension and k < 1 if it is under compression. We will neglect this eﬀect
here and take k ≈ 1. We also remember that force can modify the on-rate of the microtubule assembly process6. We
say that
kon(F) = k0 exp(− FδkBT ). (3)
where F > 0 is the force applied by the microtubule on the membrane. The physics behind this equation is that
the probability distribution function for the gap size x between the tip of the growing microtubule and the ﬂuctuating
membrane is p(x) = FkBT exp(− FxkBT ) when the ﬂuctuations of the tip are much faster than the reaction6. The membrane,
of course, is in tension. In fact, a rudimentary force balance on the hemispherical tip of the neurite of radius Rp gives
2πRpτ = πR2pp + nF, (4)
where τ is the membrane tension (in units of force/length), p is the pressure diﬀerence between the inside and outside
of the cell, F is force exerted by a single microtubule on the tip and n is the number of microtubules impinging on the
growing tip. If τ is held constant then increasing p would reduce F and enhance kon(F). Note that δ is about the size
of one monomer and according to Howard6 kBT
δ
≈ 2pN – 7pN. Summarizing the equations
1
eV
dL
dt
= konQt − ko f f , (5)
dQt
dt
= ko f f − konQt + DAVL (Qr − Qt), (6)
dQr
dt
= I − DA
VL
(Qr − Qt), (7)
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where I is the rate (in units of concentration per unit time) of production of tubulin monomers in the soma and A is
the area of cross-section of the neurite. The diﬀerential equations above need to be solved numerically. Typically, the
initial conditions used are that L(0) = , Qr(0) = Q0 and Qt(0) = 0 where  is a small number and Q0 is a constant.
Van Veen and Van Pelt15 did so and found that after a fast initial phase Qr and L increase linearly with time and Qt
converges to a constant value. Motivated by the observations of the numerical experiments let us plug in the following
into the equations of Van Veen and Van Pelt15:
L(t) = C1t +C2, Qr = C4t +C5, Qt = const. (8)
There are ﬁve unknowns above – C1,C2,C4,C5 and Qt. We get ﬁve equations by plugging these into Van Veen and
Van Pelt’s equations and comparing coeﬃcients:
C1(ko f f − konQt) + DAV C4 = 0, (9)
C2(ko f f − konQt) + DAV (C5 − Qt) = 0, (10)
C4C1 − IC1 + DAV C4 = 0, (11)
C4C2 − IC2 + DAV (C5 − Qt) = 0, (12)
C1
eV
− konQt + ko f f = 0. (13)
By solving these equations we get
C1 =
DA
2V
⎡⎢⎢⎢⎢⎢⎣−1 +
√
1 +
4eV2I
DA
⎤⎥⎥⎥⎥⎥⎦ , (14)
C4 = I − C1eV , (15)
Qt =
ko f f + C1eV
kon
, (16)
C5 − Qt
C2
=
C1
eDA
. (17)
If eV
2I
DA is small (or diﬀusion is very fast) then it is easy to see that C1 = eVI, C4 = 0. We see that kon does not enter
the equation for C1. So, even if kon is increased due to an applied pressure diﬀerence or tension the growth rate will
remain unaﬀected unless I is somehow changed. This is contrary to the observations in experiments10,8 in which the
growth rate depends on the applied tension. We have to correct our model for neurite growth.
2.2. Diﬀusion limited growth
In the previous model it was assumed that microtubule polymerization is reaction limited. In other words, a
monomer falls into the gap between the tip and the growing microtubule only occassionally. In the diﬀusion limited
case we assume that the monomer addition reaction is so fast that as soon as a gap between the tip and a growing
microtubule opens up, a monomer will drop in6. In this case
dL
dt
≈ D1
δ
(Fδ/kBT )2
exp( FδkBT ) − 1 − FδkBT
(18)
Here D1 is a diﬀusion coeﬃcient (diﬀerent from D) and nF is the force being exerted on the tip given by (4). When
a large force is opposing the polymerization (in the absence of an externally applied pressure) then polymerization is
necessarily reaction limited. If FδkBT << 1 then we can get
dL
dt
=
D1
2δ
[
1 − Fδ
3kBT
]
(19)
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Since nF = 2πRpτ − πR2pp = T0 − Tapp we expect that the plot of growth rate against p will have a positive slope.
Writing dLdt in terms of the rest tension T0 = 2πRpτ and applied force Tapp = πR
2
pp we get
dL
dt
=
D1
2δ
[
1 +
(Tapp − T0)δ
3nkBT
]
. (20)
This equation can be compared with the data of Lamoureux et al.8 who applied known forces on growing neurites
and measured their growth rates. If we plot Tapp on the x-axis and dLdt on the y-axis then (20) plots as a straight line
with x-intercept at Tapp = T0 − 3nkBTδ . Lamoureux et al.8 ﬁnd that the intercept varied between 1.5nN – 4nN. If we
take n ≈ 50 then we ﬁnd that 1.8nN ≤ T0 ≤ 4.3nN. This is consistent with Dennerll et al.2 who report that neurite
rest tensions vary over a broad range from 0 - 10nN2 with a mean value of 0.35nN. Let us now consider the slope of
the line which is D16nkBT . According to Lamoureux et al.
8 the slope varies between 0.08 − 2.8μm/hr/μdyne. Taking an
average value for the slope as 1.4μm/hr/μdyne we get
D1
6nkBT
=
1.4 × 10−6
3600 × 10−11 = 38.888 m/Ns. (21)
We tacitly assumed in the analysis above that the membrane tension remains constant even when external force
is applied on the neurite. This may not be reasonable. In fact, Dennerll et al.2 have shown that the force-extension
relation of PC12 neurites is linear over the range 0 ≤ T ≤ 5nN where the extension ΔL is given by:
ΔL =
T − T0
kmem
. (22)
If we assume that the radius of the neurite remains constant for diﬀerent applied tensions then we can infer that kmem
is related to the 2D shear modulus μ of the membrane. To infer this relation we simply set T − T0 = πR2pΔP in the
following formula used in micro-pipette aspiration experiments to determine the shear modulus of cell membranes5.
ΔL =
ΔPR2p
2.45μ
. (23)
According to Dennerll et al.2 the spring constant kmem varied over a range 0 ≤ kmem ≤ 1200pN/μm with a mean value
around 244pN/μm. Similarly, microtubules are also elastic objects, as assumed by Van Veen and Van Pelt15, and we
can assume that the stiﬀness of n of them is kmic. For example, if the cross-sectional area of a hollow microtubule is
Amic and its Young’s modulus is E then kmic = nEAmic. The microtubules and the membrane together support the force
Tapp due to external pressure. An elementary calculation (assuming the springs kmic and kmem are in parallel) gives
nF = T0 − Tapp
1 + kmemkmic
. (24)
This can be plugged into (18) to get the growth rate as a function of the applied tension. The linearized version of this
equation is:
dL
dt
=
D1
2δ
⎡⎢⎢⎢⎢⎢⎢⎣1 − T0δ3nkBT +
Tappδ
3nkBT (1 + kmemkmic )
⎤⎥⎥⎥⎥⎥⎥⎦ . (25)
We expect that n ∝ πR2p where Rp is the radius of cross-section of the neurite. This means that F = C1 − C2p
where p is the pressure diﬀerence while C1 and C2 are two constants that depend on the membrane rest tension and
material properties respectively. Thus the growth rate is a function of p and material properties which is consistent
with the analysis of Goriely and Tabor who study the biomechanics of growth in tubular fungi4. Let us try to estimate
kmic. The outer diameter of a microtubule is about 25nm and inner diameter about 14nm1. Its ﬂexural rigidity is
about 2.2 × 10−23Nm2 3. From this we can estimate that EAmic ≈ 0.82 × 10−6N/m. If we assume that n ≈ 5017 then
1 + kmemkmic = 1 +
244
50×0.82 ≈ 7. This will reduce the x-intercept in the dLdt vs. F straight line by a few hundred pN, but even
so our estimate for the rest tension T0 remains consistent with Dennerll et al.2.
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Fig. 1. Schematic diagram of the experiment performed by Rajagopalan et al. 12. The axon grows by polymerization of microtubules. The
monomers making up the microtubules are of length δ. The length of the axon is L(t). The membrane is under tension and it exerts a compressive
force on the microtubules through the ﬁlament network underneath it. The stiﬀness of the force measurement device is k. Its displacement is x(t).
3. Application to experiments
In a series of papers published by the lab of Taher Saif the mechanics of neurons was carefully analyzed with the
conclusion that there is a rest tension in them which modulates their growth. The neurons were ﬁrst coupled to a
device to measure and exert forces (see ﬁgure 3). We assume that this device has stiﬀness k and it is in series with an
axon. According to Siechen et al.14 k = 3.5nN/μm. We assume that the displacement of the tip of the neuron is L(t)
while the displacement of the device is x(t). Thus, the force exerted by the device on the neuron is
f (t) = k(x(t) − L(t)). (26)
Typically, x(t) is prescribed in an experiment while f (t) and L(t) are measured. In the experiments of Rajagopalan et
al.12 x(t) follows a trapezoidal trajectory - (a) x(t) = vt for 0 ≤ t ≤ t1, (b) x(t) = vt1, a constant for t1 ≤ t ≤ t2, and (c)
x(t) = vt1−v(t− t2) for t2 ≤ t ≤ t3, where t3− t2 = t1 and v is a constant. To be precise, t1 ≈ 2 minutes, t2 ≈ 32 minutes
and x(t1)/L0 ≈ 0.4 in the experiments of Rajagopalan et al.12, where L0 is the length of the axon at t = 0. They show
that f (t) increases linearly for 0 ≤ t ≤ t1 and it decreases exponentially for t1 ≤ t ≤ t2. For t ≥ t2 the tension F(t)
increased to a constant value while the length L(t) decreased. Our goal is to show that this data can be explained by
the growth model we have proposed above.
To see how this can be done, we ﬁrst note that (25) can be recast as
dL
dt
= v0 +
f
η
, (27)
where f (t) = Tapp is the applied tension, v0 contains information about the rest tension and η plays the role of a
viscosity. For dLdt = 0, we must have f = −ηv0 = T0− 3kBTnδ (1+ kmemkmic ). We expect the second of these terms to be on the
order of a few nN as discussed in the previous section. Thus, if the axon is under tension, or f > 0, then ηv0 < 0. We
will see later that this is indeed the case. Hence, the axon behaves somewhat like a dashpot except for the constant v0.
This dashpot is in series with the spring represented by the force measurement device. Hence, we can combine (26)
and (27) to get a diﬀerential equation for f (t):
d f
dt
= k(v − v0) − k
η
f . (28)
The initial condition for the experiments of Rajagopalan et al.12 is f (0) = f0, which they call the rest tension. In
reality, this f0 = T0 − 3kBTnδ (1 + kmemkmic ) as discussed above, and T0 is the rest tension. The solution to (28) with this
initial condition is simply
f (t) = η(v − v0)[1 − exp(− t
τ
)] + f0 exp(− t
τ
), 0 ≤ t ≤ t1, (29)
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Fig. 2. Force relaxation in an axon with the measuring device held ﬁxed so that the axon lengthens and the tension reduces. The dots are data from
Rajagopalan et al. 12 and the ﬁt uses (31).
where τ = ηk is a relaxation time. If we linearize this equation for small values of
t
τ
we get
f (t) = kt(v − v0) + f0(1 − t
τ
), 0 ≤ t ≤ t1. (30)
The slope of this line in the f − t plane is k(v − v0) − f0τ . The axon elongation  plotted in ﬁgure 3A and ﬁgure 3B of
Rajagopalan et al.12 is related to vt as  = vtL0 where L0 is the initial length of the axon at t = 0. For constant v, as
in these experiments,  is just a rescaled version of t. Remembering this, we note that if k(v − v0) is held ﬁxed, then
increasing f0 and decreasing τ will decrease the slope of the line in the f − t plane. In ﬁgure 3B, f0 ≈ 12nN, and in
ﬁgure 3A, f0 ≈ 2nN. Thus, as expected, the slope of the line in ﬁgure 3B is smaller than that in ﬁgure 3A. Later we
will show that τ for the axon in ﬁgure 3B is also smaller than that in ﬁgure 3A, reinforcing the trend seen in the slopes
of these lines.
For t1 ≤ t ≤ t2, v = 0 and the initial condition at t = t1 is f (t1) = f1 which can be computed from above or obtained
from the experiment. So, the solution to (28) is:
f (t) = −ηv0[1 − exp(− t − t1
τ
)] + f1 exp(− t − t1
τ
), t1 ≤ t ≤ t2. (31)
For t1 ≤ t ≤ t2, x(t) = x(t1) a constant. So, the length of the axon L(t) is given by:
L(t) = x(t1) − f (t)k = x(t1) +
ηv0
k
[1 − exp(− t − t1
τ
)] − f1
k
exp(− t − t1
τ
), t1 ≤ t ≤ t2. (32)
We can use these expressions to ﬁt some of the data in Rajagopalan et al.12. In particular, we use (31) to ﬁt the data
in ﬁgure 4A of Rajagopalan et al.12 and get
f1 = 7.42nN, τ = 8.5minutes ηv0 = −5.4nN. (33)
The ﬁt is shown in ﬁgure 3. We are able to capture the data quite well, but we would like to see if our ﬁt parameters are
predictive. Remembering that τ = ηk we can use k = 3.5nN/μm to obtain η = 1785nN.s/μm. Thus, v0 = −5.4/1785 ≈
3nm/s. From (27) we infer that this is the rate at which an axon will contract if there is no tension in it ( f = 0). Indeed,
ﬁgures 7A and 7B of Rajagopalan et al.12 show that the retraction rates are 2.5, 1.7 and 18 nm/s conﬁrming that our
estimate has the right order of magnitude.
Let us assume that f (t2) = f2. For t2 ≤ t ≤ t3, the diﬀerential equation for the force is
d f
dt
= −k(v + v0) − k
η
f . (34)
The solution to this equation is:
f (t) = −η(v + v0)[1 − exp(− t − t2
τ
)] + f2 exp(− t − t2
τ
). (35)
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Fig. 3. Force build-uo in axons with the measuring device attached. The dots are data from Rajagopalan et al. 12 ﬁgure 6A in (a) and from ﬁgure
6B in (b). The ﬁt uses (36).
In the brief period t3 − t2, Rajagopalan et al.12 noticed that the axons went slack when they were unloaded. In other
words, f = f3 ≈ 0 in the axons at t = t3. But, as time progressed the neurons regained their tension while shortening
in length. Rajagopalan et al.12 could measure the tension in the axons because their force measuring device remained
attached to the neurons. Since, v = 0 for this process the solution for the force is given by
f (t) = −ηv0[1 − exp(− t − t3
τ
)] + f3 exp(− t − t3
τ
), t3 ≤ t. (36)
We ﬁtted the data in ﬁgure 6A and ﬁgure 6B of Rajagopalan et al.12 using this expression (see ﬁgure 3) and found:
f3 = 0.3nN, τ = 8.0minutes ηv0 = −1.77nN. for ﬁgure 6A, (37)
f3 = 0.9nN, τ = 2.8minutes ηv0 = −2.77nN. for ﬁgure 6B. (38)
Note that the values of τ obtained from ﬁtting ﬁgure 6A and ﬁgure 4A of Rajagopalan et al.12 are close to each other.
This is not surprising since they correspond to the same axon. τ for the axon in ﬁgure 6B of Rajagopalan et al.12 is
smaller than that in ﬁgure 6A. Thus, we expect that slope of the loading force-elongation curve of this axon will be
lower as conﬁrmend in ﬁgure 3B.
Rajagopalan et al.12 also performed another experiment in which they unloaded the axons to near zero tension
and watched them shorten to increase tension with the force measurement device not attached. These experiments
translate to f = 0 and k = 0 in our model. In this situation we know that
dL
dt
= v0, (39)
so that growth rate will be linear in time. Since the values of ηv0 are negative we expect that the axons will shorten
and the slopes of the L versus t curves will be negative. This is conﬁrmed in the experiments as shown in in ﬁgure 7A
and ﬁgure 7B of Rajagopalan et al.12.
4. Conclusion
We have shown in this paper that the model of Nguyen et al.10 can explain much of the mechanical behavior of
neurons seen in the experiments of Rajagopalan et al.12. This model is a modiﬁed version of the model proposed
by Van Veen and Van Pelt15 with ‘diﬀusion limited’ growth of microtubules replacing the reaction limited growth in
the original model. This model is rather simple in that it does not account for active transport or the work done by
molecular motors in the axon. It will be interesting to explore the eﬀects of these additions to the model. We have
also not accounted for the viscoelasticity of the membrane and the underlying ﬁlament network in our calculations.
Presumably, this could be behind the two diﬀerent retraction rates in the some of the experiments of Rajagopalan et
al.12. In spite of these deﬁciencies the model proposed here captures many of the temporal behaviors seen in axons.
It will be interesting the extend the model and apply it to other experiments involving axon growth and retraction.
192   Prashant K. Purohit /  Procedia IUTAM  12 ( 2015 )  185 – 192 
Acknowledgements
We acknowledge support for this work from the Army Research Oﬃce through grant No. W911NF-11-1-0494.
References
1. Boal, D., Mechanics of the cell, Cambridge University Press, (2002).
2. Dennerll, T. J., Joshi, H. C., Steel, V. L., Buxbaum, R. E., and Heidemann, S. R.,“Tension and compression in the cytoskeleton of PC-12 neurites
II: Quantitative measurements”, J. Cell Biol. 107, 665-674, (1988).
3. Gittes, F., Mickey, B., Nettleton, J. and Howard, J., “Flexural rigidity of microtubules and actin ﬁlaments measured from thermal ﬂuctuations
in shape”, J. of Cell Biology 120, 923-934, (1993).
4. Goriely, A. and Tabor, M., “Biomechanical models of hyphal growth in actinomycetes”, Journal of Theoretical Biology 222, 211-218, (2003).
5. Hochmuth, R. M.,“Micropipette aspiration of living cells”, Journal of Biomechanics 33, 15-22, (2000).
6. Howard, J.,Mechanics of motor proteins and the cytoskeleton, Sinauer Associates, Inc., Sunderland, Massachusetts, (2001).
7. Jackson, M. B., Molecular and cellular biophysics, Cambridge University Press, New York, (2006).
8. Lamoureux, P., Altun-Gultekin, Z. F., Lin, C., Wagner, J. A. and Heidemann, S. R., “Rac is required for growth cone function but not neurite
assembly”, J. Cell Science 110, 635-641, (1997).
9. Nelson, P. C., Biological physics, W. H. Freeman and company, New York, (2003).
10. Nguyen, T. D., Hogue, I. B., Cung, K., Purohit, P. K. and McAlpine, M. C., “Tension induced neurite growth in microﬂuidic channels”, Lab
on Chip 13(18), 3735-3740, (2013).
11. Nguyen, T. D., Deshmukh, N., Nagarah, J. M., Kramer, T., Purohit, P. K., Berry, M. J. and McAlpine, M. C., “Piezoelectric nanoribbons for
monitoring cellular deformations”, Nature Nanotechnology 7, 587-593, (2012).
12. Rajagopalan, J., Tofangchi, A. and Saif, M. T. A., “Drosophila neurons actively regulate axonal tension in vivo”, Biophys. J. 99, 3208-3215,
(2010).
13. Samuels, D. C., Hentschel, H. G. E. and Fine, A., “The origin of neuronal polarization: a model of axon formation”, Phil. Trans. Roy. Soc.
Series B 351, 1147-1156, (1996).
14. Siechen, S., Yang, S., Chiba, A. and Saif, T. “Mechanical tension contributes to clustering of neurotransmitter vesicles at presynaptic termi-
nals”, Proc. of Natl. Acad. Sci. 106(31), 12611-12616, (2009).
15. Van Veen, M. P. and Van Pelt, J.,“Neuritic growth rate described by modeling microtubule dynamics”, Bull. Math Biol. 56(2), 249-273, (1994).
16. Wissner-Gross, Z. D., Scott, M. A., Ku, D., Ramaswamy, P. and Yanik, M. F., “Large scale analysis of neurite growth dynamics on micropat-
terned substrates”, Integrative Biology, (2010).
17. Yu, W. and Baas, P. W., “Changes in microtubule number and length during axon diﬀerentiation”, J. of Neuroscience 14(5), 2818-2829, (1994).
